A mathematical model of the transport of oxygen from capillaries to skeletal muscle tissue is a di usion problem in a two-dimensional, bounded domain with Neumann and mixed boundary conditions. We consider N capillaries of small but arbitrary crosssectional shape and demonstrate that, for N > 1, this is a singular perturbation problem that involves an in nite expansion of logarithmic terms of the small parameter ", which characterizes the size of the capillary cross-sections. We construct a hybrid asymptoticnumerical method, that uses the method of matched asymptotic expansions and basic numerical analysis, to solve for the steady-state oxygen partial pressure in the tissue. In general, our oxygen transport model incorporates the e ects of tissue heterogeneities such as mitochondria, variable permeability of the capillary walls and the facilitation of oxygen transport by the presence of myoglobin. We demonstrate the asymptotic results with some speci c examples to illustrate these and other e ects, and in certain cases, compare with the exact or numerical solution.
Introduction
We apply a hybrid asymptotic-numerical method to an oxygen transport problem in a bounded, two-dimensional domain representing a transverse section of skeletal muscle tissue that receives oxygen from an array of capillaries of small but arbitrary cross-sectional shape ( Figure 1 ). Outside of the capillaries, we obtain an asymptotic solution for the oxygen partial pressure (i.e. pressure due to unbound oxygen molecules) in the tissue domain. The analytical study of tissue oxygenation from capillaries has been the focus of considerable research since the original work of August Krogh 11] in 1919. The reviews of Hoofd 7] , Popel 16] and Fletcher 4] and references therein provide substantial information on the approaches and advancements of the theoretical research in this area. Following much of this groundwork, we adopt the approach that oxygen transport from capillaries to tissue is a passive process, driven by di usion rather than by the consumption of energy.
Assuming Fick's law, J = ?Drc, relating the oxygen ux J to the gradient of oxygen concentration c, and Henry's law, c = p, and that there is a balance of mass in the tissue, the equation governing the oxygen partial pressure p is @p @t = r Drp] ? M:
Here, is the oxygen solubility coe cient, D is the oxygen di usion coe cient and M is the oxygen consumption rate in the tissue. By balance of mass in the tissue, we mean that the time rate of change of the amount of oxygen per unit volume equals the net di usion ux through the tissue boundaries plus the rate of chemical reaction within the volume minus the rate of consumption of oxygen. In addition to satisfying the governing equation, the oxygen partial pressure p must satisfy appropriate conditions at the capillary walls and on the outer tissue boundary.
We demonstrate that, for N > 1 capillaries in the tissue domain, this is a singular perturbation problem whose solution contains an in nite expansion of logarithmic terms of the small parameter ", which characterizes the size of the capillary cross-sections. The method of matched asymptotic expansions, a technique that has been widely employed for singular perturbation problems (eg. 10] 13]), seems to have limitations when applied to problems involving in nite logarithmic expansions. Two di culties with such series are that, even if the in nite logarithmic series converges, it converges very slowly for decreasing ", and that the analytical problem to solve for each successive term in the series increases in complexity. Ward et al. 22] developed an analytical method, a hybrid of asymptotics and straightforward numerics, that e ectively sums the entire logarithmic expansion contained in the solution to eigenvalue problems in two-dimensional domains with small cut-outs. Adaptations of the hybrid method were applied to singular perturbation problems entailing in nite logarithmic expansions, such as the asymptotic solution to low Reynolds number uid ow past a symmetric, cylindrical object 12], and convective heat transfer from small bodies in an unbounded, two-dimensional domain 21].
In x2, we present our mathematical model of oxygen transport from capillaries to skeletal muscle tissue and elaborate on the assumptions behind our model. In particular, we discuss how to include in the model the e ects of tissue heterogeneities, such as oxygen-consuming mitochondria, and of enhancement or facilitation of oxygen transport to the tissue by myoglobin, an iron-protein compound that can reversibly bind up to one oxygen molecule. In x3, we examine a simple version of the full model problem, of one circular capillary contained in a circular tissue domain as in the original Krogh model cross-section (Figure 2) , to reveal the form of the asymptotic solution. In x4, for the special case of capillaries with circular cross-sectional shape, we construct an asymptotic solution for the oxygen partial pressure in the tissue using the method of matched asymptotic expansions. In x5, for arbitrarily-shaped capillary cross-sections, we apply the hybrid method to construct an asymptotic solution that is correct to all logarithmic terms. In x6, we demonstrate the asymptotic results with some speci c examples that illustrate e ects such as capillary interaction; the cross-sectional shape of the capillaries; variable permeability of the capillary wall; tissue heterogeneities and myoglobin facilitation. Finally, in x7, we outline some possible extensions to our oxygen transport model.
Oxygen Transport Model and Assumptions
We are interested in the steady-state solution to (1.1) in a bounded, two-dimensional domain. One reason that we can view the oxygenation process from capillaries in a twodimensional domain is the regular longitudinal geometry of skeletal muscle tissue: the arrangement of the capillaries is, for the most part, parallel to the surrounding muscle bres ( Figure 3 ). In this type of muscle tissue, one can orient the x 3 -axis in the axial direction, running along the capillaries, and the x 1 x 2 -plane in a transverse cut perpendicular to the direction of the capillaries, which we have shown in Figure 1 (b). Another reason for the two-dimensional framework is that the axial di usion term is small relative to the other terms in the governing equation. We discuss further the balance of terms in the governing equation in x7. For our model, we assume that the process has reached steady state. In Appendix A, we describe the details of determining a lower bound for the time necessary to reach steadystate conditions. This bound depends on the size and shape of the capillary cross-section, the area of the surrounding tissue domain and the di usivity, P = D, the product of the oxygen solubility and di usion coe cients. Here, we rendered the quantities in our model dimensionless with respect to a characteristic length scale of the tissue domain, L ; a characteristic oxygen partial pressure, p ; and the transverse di usivity, P x . With these scalings, the dimensionless oxygen consumption rate is M = L 2 M =(P x p ). The small, dimensionless parameter, ", represents the order of magnitude of the capillary cross-sections, which we assume to be independent of the axial position x 3 .
The boundary condition (2.1b) models the capillary wall as a nitely-permeable membrane, where i is the permeability coe cient of the ith capillary and p ci is the oxygen partial pressure within the ith capillary (assumed constant). The limit i ! 1 represents an in nitely-permeable capillary wall for the ith capillary, or equivalently that the oxygen partial pressure p at the boundary of the ith capillary is equal to the constant capillary pressure, p ci , of that capillary. In contrast, the limit i ! 0 leads to the case of a perfectly-insulating capillary. This limit is physically-unreasonable since such capillaries would not contribute to the transport of oxygen in the tissue. In (2.1b) and (2.1c), @=@n is the directional derivative along the outward normal to the tissue domain. We incorporate skeletal muscle tissue heterogeneities, such as oxygen-consuming mitochondria, through the oxygen di usivity P in (2.1a) and (2.1b) and the consumption rate of oxygen M in (2.1a) in the tissue. In homogeneous tissue models, both P and M are assumed constant, which one can interpret as meaning that the mitochondria are regularly distributed throughout the tissue. The assumption that the rate of irreversible oxygen con- Hoofd 8] include myoglobin facilitation in their models. With greater freedom in the physical parameters, our multiple-capillary model aims to eliminate certain restrictions of previous multiple capillary models, such as circular cross-sectional shapes, periodicity in the capillary bed, and homogeneous tissue properties. We will nd an approximate solution to our model using the hybrid method, which is based on a systematic asymptotic analysis that provides a measure of the error in the approximation. As well, numerical computations with the hybrid method are signi cantly faster than with a direct numerical method and the physical parameter space is greatly reduced using the hybrid method.
In the next section, we consider a simple version of (2.1) with one capillary of radius " concentric with a circular tissue domain of radius 1, with a constant di usivity P = 1.
We note that the annular capillary-tissue geometry is that of the original Krogh model in This solution tends to negative in nity as ! 0 in (3.2) . This is to be expected from (3.1b) since in this limit, the capillary wall becomes perfectly insulating. ) correction. From the solution, we can see the role of the parameter , the permeability coe cient of the capillary wall. As ! 1, we obtain the asymptotic solution for the Dirichlet boundary condition at the capillary, p = p c . As ! 0, the physically-unreasonable case of a perfectly-insulating capillary wall, we notice that the solution becomes increasingly negative. In Appendix A, we determine an estimate for the time scale t cr necessary for the di usion process to reach steady state. In this time scale estimate, t cr ! 1 as ! 0, meaning that the steady-state condition would take forever to occur.
The asymptotics of this simple model problem provide us with the approach for attacking the more complicated general problem (2.1). In the next two sections, we consider multiple capillaries in an arbitrarily-shaped tissue domain. First, we use the method of matched asymptotic expansions to show that for N > 1 capillaries, the asymptotic solution contains an in nite logarithmic expansion in ", the measure of the size of the capillary cross-sections.
Second, we use the hybrid method on the multiple capillary problem to e ectively sum the entire logarithmic series in the asymptotic solution.
Solution Using the Method of Matched Asymptotic Expansions
In this section, we obtain the asymptotic solution to (2.1) for the special case of N capillaries with equal, circular cross-sections of radius ". In the next section, we will apply the hybrid method to (2.1) with arbitrarily-shaped capillary cross-sections.
As in the simple model problem for one capillary of the previous section, we expand the global (outer) region solution in the form p(x; ") = ?1 (")p where we de ne (") ?1= log(").
In the local (inner) region, near the ith capillary located at x = i , we de ne the local variables y i = " ?1 (x ? i ) and q i (y i ; ") = p("y i + i ; "), and expand the solution as q i (y i ; ") = p ci + q (1) i (y i ) + (")q (2) i (y i ) + : (4.2) Here, p ci is a speci ed constant that represents the oxygen partial pressure within the ith capillary, for i = 1; : : : ; N.
Substituting the local variables into (2.1a){(2.1b) and using P("y i + i ) P( i )+O("), we nd that, to leading order in ", q i (y i ; ") satis es y q i = 0; jy i j > 1; Using (4.4c), we nd that as jy i j ! 1, the ith local region expansion, in terms of global region variables, is of the form q i (y i ; ") p ci + a (1) i flog jx ? i j + ?1 (") + P( i )= i g + (")a (2) i flog jx ? i j + ?1 (") + P( i )= i g + :
Once again, (") ?1= log("); the constants p ci , P( i ) and i , for i = 1; : : : ; N, are known; and a (j) i are unknowns that we will determine through matching to the global region solution.
Comparing the O( ?1 ) terms in (4.8) and (4.9), we see that matching requires a The rst eigenpair for this problem is ( 0 ; 0 ) = (1; 0), and the remaining eigenvalues, k , are such that 0 < 1 2 : : : k < 1.
We expand the solution p < b j ; k > k < k ; k > k (x) + C j 0 ; (4.17) for any constant C j . We need to x the constant C j in order to obtain a unique solution p (j) (x). Requiring that < p for i = 1; : : : ; N, which we will determine at each level j for j 1. We decompose the unique solution p 
Comparing (4.12c) and (4.24), we nd that the log jx ? i j terms automatically agree.
From the remaining terms, we see that
i + e j1 p ci + a (j) i P( i )= i ; and (4.23) to compute the regular function p (1) R (x). Then, we evaluate these expressions at the capillary locations i . In general, we must perform these computations numerically. For certain special cases, such as a circular tissue domain D with one concentric capillary, it is possible to solve for the modi ed Green's function G and the function p (1) R analytically (see Appendix B). Thus, we have an in nite set of recursive problems for the global region function coefcients a (j) i . In the next section, we examine the solution to the problem via the hybrid method which avoids the daunting task of determining each set of coe cients at each jlevel.
Solution Using the Hybrid Method
We now apply the hybrid method to solving (2.1) with N capillaries of arbitrary cross- In summary, (5.7) and (5.10) provide (N + 1) equations for the unknowns p G and A i , for i = 1; : : : ; N. As in x4, we must specify the parameters in (4.27), as well as the crosssectional shapes of the N capillaries. For a given tissue geometry for which we specify the locations and the number of capillaries, we compute the modi ed Green's function G(x; ) and its regular part R( ) once only from (4.22) , and compute the function P (0) R (x) from (4.23); and evaluate these expressions at the capillary locations i . For each speci ed crosssectional shape and permeability coe cient i of the ith capillary, we determine the unique shape-dependent parameter d i from (5.2), for i = 1; : : : ; N.
Results
We present our results demonstrating the e ect of homogeneous versus heterogeneous tissue with respect to oxygen di usivity and consumption rate, and the e ects of capillary interaction, the cross-sectional shape of the capillaries, variable capillary wall permeability, and myoglobin-facilitated oxygen transport. Although we can consider tissue domains and capillaries of arbitrary shape in our model, we choose simple geometries in the examples to highlight certain e ects that are unrelated to the tissue geometry. In certain cases, where possible, we compare to the exact solution or a direct numerical solution of (2.1). We have used Matlab, in particular the Partial Di erential Equations Toolbox 14], for the simple numerics of the hybrid method and for the direct numerical computations. Unless otherwise speci ed, the discrete points in the plots below are the direct numerical results.
In Table 2 Example: Homogeneous versus heterogeneous tissue. For the special case of one circular capillary of radius " that is concentric with a circular tissue domain D of radius 1 with di usivity P = 1, the exact solution of (2.1) for the oxygen partial pressure in the tissue is (3.2). In Figure 5 , we have plotted the minimum oxygen partial pressure p min versus the capillary radius " to compare the hybrid method solution with the exact solution, and for certain values of ", with the direct numerical solution of (2.1). The (dimensionless) parameter values for this example are: capillary pressure p c = 5, oxygen consumption rate M = 0:5, and capillary permeability coe cient = 1 (an in nitelypermeable capillary wall). In homogeneous tissue models, the oxygen di usivity and oxygen consumption rate are constant. Also in Figure 5 , we have included the corresponding p min (") curve for a heterogeneous tissue domain of the same geometry but containing 4 oxygen-consuming mitochondria. We incorporate the mitochondria using the Gaussian distribution form in (2. spacing to display the e ect of interaction on oxygenation of the tissue. There are two ways in which we can test the no interaction limit of the hybrid method solution. One way is to include only the rst term on the right side in (5.5) , that neglects the capillary interaction term in (5.8) . The other way is to neglect the o -diagonal terms, representing interaction, in (5.10). For the j = 2 case, we included the corresponding p min (") curves of p G , the rst term on the right side of (5.5), and of (p G ) diag from (5.11). We see that the p min (") curve corresponding to p G lies above the other curves, indicating that the global e ect of capillary interaction is to lower the oxygenation in the tissue. In their multiple capillary oxygen transport model, Clark et al. 1] found a reduction in oxygen partial pressure levels in the tissue due to capillary interaction. On the other hand, the p min (") curve corresponding to (p G ) diag lies below all of the other curves, which is what one would expect for the e ect of capillary interaction. Figure 6(b) is similar in spirit to that of Ward et al. 22] for the interaction of four circular perfectly-absorbing obstacles in an absorption time distribution problem.
For the particular case of four capillaries of radius " = 0:04, Figure 7 displays the minimum oxygen partial pressure p min for speci c values of r, the radial spacing of the capillaries, that we computed using the hybrid method. Figure 7 shows that maximum oxygenation occurs when the radial spacing of the capillaries is approximately 0.6 in the tissue domain of radius 1. Example: Capillary cross-sectional shape. We demonstrate the e ect of capillary cross-sectional shape for one capillary that is concentric with the rectangular tissue domain, ?2 x 1 2 and ?1:5 x 2 1:5. We assume that = 1 so that the capillary is in nitely permeable. Then, from Ransford 17] , we have d i for ve cross-sectional shapes: (i) circle, (ii) ellipse, (iii) equilateral triangle, (iv) isosceles triangle, and (v) square. With " as the radius of the circular cross-section, we choose the side length scales for the remaining four shapes so that each of the ve boundaries enclose the same area. As in the previous example, we consider homogeneous tissue with di usivity P = 1 and oxygen consumption rate M = 0:5, and the capillary pressure p c = 5. In Figure 8 , we have plotted the minimum oxygen partial pressure p min versus " and see that the p min (") curve for the circular crosssectional shape lies below all the other curves. This illustrates the isoperimetric inequality (see Garabedian 6] ) that for various cross-sectional shapes enclosing the same area, the minimum d i occurs for a circular cross-section. Actual capillary cross-sectional shapes range from circular to somewhat triangular with rounded edges. The gure suggests that a slight variation from the circular cross-section will increase the oxygenation of the tissue.
Example: Variable capillary wall permeability. To illustrate the e ect of variable capillary wall permeability, we consider one circular capillary concentric with an elliptical tissue domain with semi-axes a = 2 and b = 1. For a circular capillary cross-section, the shape-dependent parameter is d i = exp(?P( i )= i ), where i is the location and i is the capillary wall permeability of the ith capillary. The parameters are: constant di usivity P = 1, oxygen consumption rate M = 0:3, and capillary pressure p c = 5. Figure 9 shows the minimum oxygen partial pressure p min as a function of for the capillary crosssection of radius " = 0:1. There is a dramatic variation in minimum pressure for up to approximately 10, above which, the capillary wall is essentially in nitely permeable. We note that as ! 0, this solution approaches the physically unreasonable case of a fully insulated capillary wall. 
Extensions
We remark on some possible extensions to the application of the hybrid method to oxygen transport from capillaries in skeletal muscle tissue.
Oxygen consumption rate M = M(p). One way to extend this work is to consider an oxygen consumption rate that depends on the pressure, M = M(p). We outline how to adjust the hybrid method to solve (2.1) with an oxygen consumption rate M as a function of the oxygen partial pressure, p(x; "), such that dM=dp > 0. Here, we assume the the transport process has reached steady state. In Appendix A, we compare the steady state time estimates for the case with M = M(x), independent of p, versus the case with M = M(p). We nd that the M = M(p) process decays faster to steady state than the process with M independent of p.
An example of an oxygen consumption rate that depends on p is rst-order kinetics, in which M(p) = cp for some constant c > 0. The governing equation of the simple model We recall that is the capillary permeability coe cient and p c is the oxygen partial pressure within the capillary. As " ! 0, I 1 (") "=2, K 1 (") 1=", K 0 (") ?1= log " and I 0 (") 1, so the dominant term in the exact solution is O(1). This di ers from the case M is independent of p, in which the dominant term was O(log ").
In applying the hybrid method, we would expand the asymptotic solution in the global region as in (5.5). The global constant p G would be O (1) . The local problems in the region near the capillary would remain the same.
Axial di usion. We brie y discuss an extension to our work that considers axial di usion in the tissue surrounding a capillary. Salath e et al. 19 ] used perturbation techniques in their study of axial di usion in a Krogh cylinder geometry, whereas we propose to examine a capillary with a slowly-varying cross-section. For simplicity, we consider a tissue cylinder of radius 1 enclosing a single concentric capillary whose cross-sectional shape depends only Here, is a small parameter de ned by
Typically, in skeletal muscle tissue, the intercapillary separation, L x , is a few microns whereas the capillary length, L z is on the order of a thousand microns. As well, di usivity in the axial direction, P z is small relative to that in a transverse cut, P x . The capillary has a radius of "f(z), where " is a measure of the size of the capillary cross-section. For the analysis in x4 and x5 to be valid, we require that (?1= log ") a , for any a.
The global region for the axial di usion problem is the tissue volume away from the endpoints at z = 0 and z = L, in which we expand the solution as p(r; z; ; ") = p 0 (r; z; ") + 2 p 1 (r; z; ") + ; (7.6) provided that 2 ". The function p 0 (r; z; ") satis es a slight variation of the twodimensional oxygen transport problem. The global problems remain the same but, in the local region near the capillary, the shape-dependent parameter d is a function of the axial variable z. We can then solve for p 0 (r; z; ") correct to all logarithmic terms using the hybrid method.
A Time Estimate to Reach Steady-State
Our goal here is to obtain an asymptotic estimate when " 1 for the length of time necessary for the oxygen di usion process to attain steady state. For simplicity, we consider only N = 1 capillary in the tissue domain. We consider the unsteady version of (2.1) with N = 1 for p(x; t; "), in which we replace (2.1a) with @p @t = r Prp] ? M; x 2 DnD " ; (A.1) and include an initial condition p(x; 0; ") = P 0 (x). We assume that the di usivity P depends only on the spatial variable x, but we allow the oxygen consumption rate M to be a function of the oxygen partial pressure, p(x; t; "), such that dM=dp > 0. We will compare the steady state time estimates for the case with M = M(x), independent of p, versus the case with M = M(p). We substitute p(x; t; ") = p st (x; ") + e ? t v(x; ") into (A.1), where v 1 and p st (x; ") satis es the steady-state problem (2.1) with N = 1. Linearizing (A.1), with boundary conditions (2.1b) and (2.1c), we obtain that v(x; ") satis es the eigenvalue problem Here, < u; v > is the integral inner product, f is the right side of (B.4a) and g is the right side of (B.4b). Since 0 O( ), and the leading-order eigenfunction is a constant C, the solution for R (r) would be O( ?1 ) providing that the numerator does not vanish as ! 0. For a circular domain of radius a, with constant di usivity, the numerator in (B.5) is (?Ca log a). Thus, for a circular domain of radius a, the numerator does vanish as ! 0. Since the numerator vanishes, we expand the solutions as G (x; ; ) G 0 (x; ) + G 1 (x; ) + : : :, and R (x; ; ) R 0 (x; ) + R 1 (x; ) + : : : , as ! 0.
We compute the regular solution to (B.4a){(B.4b) for two values of and we call the resulting regular solutions (R 1 ) c and (R 2 ) c . The size of we choose is bounded below by the tolerance cr for our computed solution: e.g. > cr = 0:001. We expand the computed solutions as (R 1 ) c R 0c + 1 R 1c + : : :, and (R 2 ) c R 0c + 2 R 1c + : : :, and from an extrapolation, we obtain the solution R 0c = 2 (R 1 ) c ? 1 (R 2 ) c ]=( 2 ? 1 ). This is the leading-order solution in the expansion for R (x; ; ), although it is not unique.
We still need to impose (B.4c) to determine the arbitrary additive constant. Substituting R = R 0c + k into (B.4c), we obtain the constant k and thus can express the solution as R (x; ; ) = R 0c ? 1 A D We test the dependence on of our computed solution (R ) c for three pairs of 1 and 2 . Table 4 : Test of -dependence on R (0) using three pairs of values: maximum absolute error and L 2 norm of the error between R (0) in (B.6) and the exact R(0) in (B.8).
